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Abstract
A perturbative method to compute the total travel time of both null and lightlike rays in arbitrary static spherically
symmetric spacetime is proposed. The resultant total time takes a quasi-series form of the impact parameter. In the
weak field limit, the coefficient of this series at a certain order is determined by the asymptotic expansion of the metric
functions to one order higher. To the leading order(s), the time delay, as well as the difference between the time delays
of two kinds of relativistic signals, is then shown to take a universal form for all SSS spacetimes. This universal form
depends on the mass M and a post-Newtonian parameter γ of the spacetime, but not on high order parameters in the
asymptotic expansion of the metric functions.
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1. Introduction
Nowadays the time delay of gravitational lensed images
by compact object, galaxies or their clusters has become
a powerful tool in astrophysics and cosmology [1]. For
lensing by compact objects, the time delay can be used to
constrain properties of the spacetime, such as its mass or
naked singularities [2, 3]. While time delays by galaxies or
galaxy cluster can independently and accurately measure
the Hubble parameter to percentage level, to constrain the
lens mass profile, the line-of-sight mass distribution, dark
matter substructures and the dark Universe parameters
[4, 5, 6, 7, 8, 9, 10].
Traditionally, the time delay has always been obtained
from light spectral data. With the discovery of extragalac-
tic neutrinos [11, 12, 13, 14] and the gravitational waves
(GWs) [15, 16, 17, 18, 19], and especially the lensed super-
novas [20, 21] and simultaneous observation of GW+GRB
events [18, 19], it is clear that both neutrinos and GWs can
act as messengers for the time delay effect. Although it is
known that neutrinos [22] as well as GWs in some gravi-
tational theories beyond GR [23, 24] have nonzero masses,
in previous considerations of their time delays the formula
for null rays are used [25, 10, 26, 27]. Since the subluminal
speed of these massive particles can make extra contribu-
tion to the time delay, one should compute using timelike
geodesics rather than null ones if high accuracy is desired.
Previously, we have shown that the time delay in the
Schwarzschild spacetime for null or timelike rays receives
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factors of correction [28]. In considering other spacetimes,
however, the effect of the spacetime parameters such as
electromagnetic charges, angular momentum and other ef-
fective charges such as in the Bardeen [29, 30], Janis-
Newman-Winicour [31] and Einstein-Born-Infeld spacetimes
[32, 33] etc. on the time delay is still unclear. In this
work, we present a perturbative method to calculate the
total travel time and time delay in arbitrary static spher-
ically symmetric (SSS) spacetimes for null and timelike
signals with general velocity. The result of the total time
takes a quasi-series form of the impact parameter b, and
the time delay to the leading order(s) takes a universal
form, depending on leading expansion coefficients of two
metric functions. We use the geometric unit G = c = 1
throughout the letter.
2. Total travel time in SSS spacetimes
The most general SSS metric can be described by
ds2 = −A(r)dt2 +B(r)dr2 + C(r) (dθ2 + sin2 θdϕ2) (1)
where (t, r, θ, ϕ) are the coordinates and A, B, C are
metric functions depending on r only. It is routine to find
the geodesic equations for both null and timelike signals
in this metric and the corresponding first integrals and
the equation of motion for dt/dr. Note that due to the
spherical symmetric, we will always set θ = pi/2 for the
geodesic motion without losing any generality. Integrating
dt/dr from the source located at radius rs to the closest
radius r0 and then to a detector at rd, one obtains the
total travel time t of the signal,
t =
[∫ rs
r0
+
∫ rd
r0
]
E
√
BC
LA
LAdr√
A [(E2 − κA)C − L2A] . (2)
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Here L and E are first integral constants representing re-
spectively the angular momentum and energy of the null
ray or the unit mass of the timelike particle. In this letter,
we will concentrate on asymptotically flat spacetimes, in
which L and E are related to the velocity v at infinity and
impact parameter b by
|L| = |p× r| = v√
1− v2 b, E =
1√
1− v2 . (3)
The angular momentum L can also be related to r0 using
the radial equation of motion dr/dt|r=r0 = 0, to find
|L| =
√
C(r0) [E2 − κA(r0)] /A(r0). (4)
Further using Eqs. (3) and (4), one then can establish a
relation between the impact parameter b and r0
1
b
=
√
E2 − κ√
E2 − κA(r0)
√
A(r0)
C(r0)
≡ p
(
1
r0
)
, (5)
where in the last step we denoted 1/b as a function p of
1/r0.
The key to proceed is to do a special change of vari-
able in the total time formula (2), after which we can do a
series expansion of the impact parameter and then prove
rigorously the integrability of the expansion for null and
timelike rays in arbitrary SSS spacetimes. The change of
variable simply utilize the inverse function of p(x), which
we denote as q(x), so that r is changed to u through rela-
tion
1
r
= q
(u
b
)
. (6)
Using Eqs. (4) to (6) repeatedly and after some element
algebra, it can be shown that the terms in Eq. (2) become
respectively
r0 → 1, rs,d → b · p
(
1
rs,d
)
,
E
√
B(r)C(r)
LA(r)
→
√
B(1/q)C(1/q)
A(1/q)
1
bv
,
LA(r)√
A(r)
√
E2C(r)− L2A(r)− κA(r)C(r) →
u√
1− u2 ,
dr → − 1
p′(q)q2
1
b
du. (7)
where p′ is the derivative of function p and q is q(u/b).
Collecting these together, the total time (2) becomes
t =
[∫ 1
b·p( 1rs )
+
∫ 1
b·p
(
1
rd
)
]
y
(u
b
) du
u
√
1− u2 (8)
where
y
(u
b
)
=
√
B(1/q)C(1/q)
A(1/q)
u
b
1
v
1
p′(q)q2
u
b
. (9)
It is then essential to note that this function y
(u
b
)
depends on u only through the ratio ub . It can be series
expended in the powers of u/b to yield the result
y
(u
b
)
=
∞∑
n=−1
yn
(u
b
)n
, (10)
where yn are the expansion coefficients. Note the explicit
form of the inverse function q(x) is not actually needed in
this process since one can use the Lagrange inverse theo-
rem and function p(x) to find its expansion. To obtain the
general form of yn, we will use the following asymptotic
expansion of the metric functions
A(r) = 1+
∑
n=1
an
rn
, B(r) = 1+
∑
n=1
bn
rn
,
C(r)
r2
= 1+
∑
n=1
cn
rn
,
(11)
where an, bn and cn are finite constants. Without losing
any generality, the constant a1 will latter be identified with
the ADM mass M of the spacetime (a1 = −2M), and the
constant b1 is conventionally referred as the γ parameter
(b1 = 2Mγ) in the parameterized post-Newtonian (PPN)
formalism of gravity [34]. Substituting these into Eq. (9),
the first three orders of yn are found to be
y−1 =
1
v
,
y0 =
1
2v
(a1
v2
− 2a1 + b1
)
, (12)
y1 =
8a21 − 4(b1 + c1)a1 − (b1 − c1)2 − 8a2 + 4b2 + 4c2
8v
.
It is seen that for the order n coefficient yn, only the coeffi-
cients up to order n+1 of the metric functions contribute.
Substituting Eq. (10) into the total time (8) and do a
further change of variable u = sin θ which is suggested by
the denominator
√
1− u2, this becomes
t =
∞∑
n=−1
yn
bn
[∫ pi
2
βs
+
∫ pi
2
βd
]
sinn−1 θdθ (13)
where we denoted respectively
βs,d ≡ arcsin(b · p(1/rs,d)). (14)
At this point, the integrability of Eq. (13) to any desired
order of yn/b
n becomes clear because the integration part
can always be carried out to yield
ln(βs, βd) ≡
[∫ pi
2
βs
+
∫ pi
2
βd
]
sinn−1 θdθ
=
∑
i=s,d
cotβi, n = −1ln [cot(βi
2
)]
, n = 0
, (15)
and for odd and even positive n respectively [35]
ln(βs, βd) =
∑
i=s,d
(n− 2)!!
(n− 1)!!× (15)
2

pi
2
− βi + cosβi
[n−12 ]∑
j=1
(2j − 2)!!
(2j − 1)!! sin
2j−1 βi
 ,
n = 2k + 1,
cosβi
1 + [n−12 ]∑
j=1
(2j − 1)!!
(2j)!!
sin2j βi
 , n = 2k, k ∈ N.
Therefore, the total time (13) becomes
t =
∞∑
n=−1
yn
bn
ln(βs, βd) (16)
where yn are given in Eq. (12) and ln in Eq. (15). This is
the total travel time applicable to all SSS spacetimes and
both null and timelike rays, and moreover for both large
and smaller impact parameters b.
In the weak field limit, b |an|, |bn| or |cn|. Moreover,
for practical gravitational lensing (GL) observation, the
relation rs,d  b is also satisfied. In these two limits, we
can expand the total time (16) in the powers of 1b and
b
rs,d
.
To this end, we can expand the first three ln (n = −1, 0, 1)
in Eq. (15) to the order of
(
M
b
)1
and
(
b
rs,d
)1
l−1 =
∑
i=s,d
[
ri
b
− b
2ri
+
(c1
2
− a1
2v2
) 1
b
+O
(
b2
r2i
,
M2
b2
)]
,
l0 =
∑
i=s,d
[
− ln
(
b
2ri
)
+
c1v
2 − a1
2v2
b
ri
1
b
+O
(
b2
r2i
,
M2
b2
)]
,
l1 =
∑
i=s,d
[
pi
2
− b
ri
+O
(
b2
r2i
,
M2
b2
)]
. (17)
Substituting this expansion and Eq. (12) into Eq. (16),
the total time becomes
t =
∑
i=s,d
{
ri
v
− b
2
2riv
+
(
a1
2v3
− 2a1 − b1
2v
)
ln
2ri
b
+
(c1
2
− a1
2v2
) 1
v
+
pi
16bv
×[
8a21 − 4(b1 + c1)a1 − (b1 − c1)2 − 8a2 + 4b2 + 4c2
]
+
1
ri
[
− a
2
1
4v5
+
a1
4v3
(2a1 − b1 + c1)
+
1
8v
(
4a1(−2a1 + b1) + b21 + c21 + 8a2 − 4b2 − 4c2
)]
+O
(
b3
r2s,d
,
M2
b
)}
(18)
where all terms are arranged in an decrease order. The
first, second and fourth terms, i.e., the O(ri), O(b2/ri),
O(M) order terms, are from l−1 in Eqs. (17). Similarly,
the third and part of the sixth terms, which are of order
O(ln(ri/b)) and O(M2/ri) respectively, originate from l0.
While the fifth and the rest of the sixth order terms, of
order O(M2/b) and O(M2/ri), are from l1. As we will
show next, expansion to these orders are more than enough
to find leading order(s) useful for observations.
3. Time delay in GL
Using the total time (18), we can compute the time de-
lay between images of the same source in GL. To do this,
we first need to find the total time of each image sepa-
rately. Let us suppose that the source, lens and detector
are in a configuration described in Fig. 1, where φ0 is the
angle of the lens-source direction against the lens-detector
axis. β denotes the angle of the detector-source direction
against the lens-detector axis in the no lens limit. Using
triangles 4ASL and 4ASD, apparently we should have
the geometric relation
(rd + rs cosφ0) sinβ = rs sinφ0 (19)
between the two angles φ0 and β and the source, detector
radii rs and rd respectively.
A
S
L
D
rd
rs
φ0 β θt
θb
bt
bb
Figure 1: The GL in an SSS spacetime. S, L, D are the source, lens
and detectors. bb and bt are the impact parameters for the bottom
and top paths respectively.
Clearly, for the two paths of any given two images, the
only parameter that are different in the total time formula
(18) or (16) is their impact parameter b. Therefore we
need to find a way to compare these two b’s in order to
compute their time delay. Here we will avoid as much as
possible any non-exact equations or equations whose trun-
cation errors are hard to track, such as the approximate
equation b ≈ rdθ where θ is the apparent angle of the im-
ages. Rather, in this letter we will use a more exact and
trackable method to link the two impact parameters.
From Ref. [36], the change of the angular coordinates
∆ϕ from the source to the detector in an SSS spacetime
has been computed as a series form to high order of M/b.
For the purpose of time delay, we will only use this series
to the first order of M/b and b/rs,d (henceforth we use M
and γ to completely replace a1 and b1), i.e.,
∆ϕ(b) ≈ pi + 2M
b
(
γ +
1
v2
)
− b
(
1
rs
+
1
rd
)
. (20)
We emphasis that to this order, among all expansion co-
efficients in Eq. (11), ∆ϕ(b) only depends on mass M
and γ but not high order an, bn (n = 2, · · · ) or any of
3
cn (n = 1, 2, · · · ). One will see later that this point con-
tributes to the universality of the time delay to the leading
order(s) in Eq. (28).
For GL shown in Fig. 1, the change of the angular
coordinates from the bottom and top sides are respectively
±pi + φ0. Equating them to Eq. (20) with b substituted
by impact parameters bt,b from both sides, we have
∓ pi + φ0 = ∓∆ϕ(bt,b). (21)
where the sign on the top (or bottom) is for the top (or
bottom) path respectively. From this, we can solve bt,b as
bt,b =
φ0rdrs
2(rd + rs)
[√
1 + η ± 1
]
(22)
where
η =
8M
(
1 + γv2
)
(rd + rs)
φ20v
2rdrs
. (23)
Eq. (22) establishes a simple and yet accurate relation
between the angle φ0 and the impact parameters, with
the only approximation tracking back to the truncation of
the change of the angular coordinate (20).
Substituting these two impact parameters (22) and a1 =
−2M into the total time (18) and subtracting each other,
we see that the leading, fourth and sixth terms of Eq. (18),
i.e., the O(ri), O(M) and O(M2/ri) order terms, are ex-
actly canceled between the two total times. The second,
third and fifth terms, emerged as the respect leading term
in the expansion of l−1, l0 and l1 in Eq. (17), becomes
respectively the three terms in the following result for the
time delay
∆t =
4M
(
1 + γv2
)
v3η
√
1 + η
+
2M
[
1− v2(2 + γ)]
v3
ln
(
1− 2
1 +
√
1 + η
)
+ piφ0v×[−2a2 + b2 +M2(8 + 4γ − γ2)]
4M (1 + γv2)
+O
(
b3
r2s,d
,
M2
b
)
. (24)
It is then easy to see that when
η  1, i.e., M
rd,s
 φ20, (25)
the logarithmic term of Eq. (24) will take a form of ln(1 +
a small quantity) and a Taylor expansion could show that
this term is comparable to the first term of Eq. (24).
Moreover, it can also be shown that in this case the first
two terms will be much larger than the third one, which
therefore can be ignored. The time delay to the leading
order in this case then takes a simple form
∆t =
8M(1 + γ)
v
√
η
+O
[
M
(rd,s
M
φ20
)3/2
, φ0M,
b3
r2s,d
,
M2
b
]
.
(26)
On the other hand, if M/rd,s  φ20, then the first term will
dominate the second which in turn is much larger than
the third one. In this limit, the time delay can also be
expanded to yield a simple result to the leading order
∆t =
4M(1 + γv2)
v3η
+O
(
M,
b3
r2s,d
)
. (27)
When γ = 1, as for many SSS spacetimes including the
most common Schwarzschild and Reisnerr-Nordstrom etc.,
the time delay (26) and (27) reduce to Eq. (35) and (32)
respectively of Ref. [28].
Combining the above two limits, it is clear then in any
case, the time delay can always be well described by the
sum of first two terms of Eq. (24). In GL computations,
the source angular position is often represented by β in
Fig. 1 rather than φ0. To this end, one can simply solve
φ0 in terms of β from Eq. (19) and substitute in to the
first two terms of Eq. (24), yielding
∆t =
4M
(
1 + γv2
)
v3η(β, v)
√
1 + η(β, v)
+
2M
[
1− v2(2 + γ)]
v3
ln
(
1− 2
1 +
√
1 + η(β, v)
)
+O
(
βM,
b3
r2s,d
,
M2
b
)
(28)
where η(β, v) is
η(β, v) =
8M
(
1 + γv2
)
rs
β2v2(rd + rs)rd
. (29)
A few features of this result is remarkable. First, only
two parameters from an SSS spacetime, the mass M and
the PPN parameter γ of the metric function B(r), appear
in the time delay to these leading order(s). All other quan-
tities in Eq. (28), i.e., rs,d, v and β are geometric or ki-
netic variables associated with the initial/final conditions
of the signal particle. High order spacetime parameters
an, bn (n = 2, 3, · · · ) and all of cn (n = 1, 2, · · · ) in Eq.
(11), including (effective) charges etc., have little effect on
the time delay of weak-deflection GL. Because of this, all
SSS spacetime time delays at the leading order(s) take a
universal form described by Eq. (28). Secondly, the first
term of Eq. (28) originates from the l−1 term of the to-
tal time (16), which represents the geometric propagation
time. Meanwhile, the second term of Eq. (28) can be
traced back to the l0 term, which corresponds to half of
the conventional Shapiro time delay [28]. Therefore the
analysis in this section shows that in any circumstance of
the lensing parameters, i.e. small or large η(β, v), to find
the weak field time delay one only needs to calculate to
the 2nd non-trivial order of the total time (16). In other
words, only y−1,0 and l−1,0 are needed.
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4. Application of the results
To check the validity of the time delay Eqs. (24)-(29),
we apply these results to the supermassive BH in the center
of galaxy M87, which we model as an SSS but otherwise ar-
bitrary spacetime. Using its parameters M = 6.5×106M
and rd = 16.8 [Mpc] [43], we plotted the time delay (24)
in Fig. 2 as a function of other parameters.
1st Total|2nd| η≫1
3rd η≪1
10-4 10-3 10-2 10-1 100 10110-5
0.001
0.100
10
10-4 10-3 10-2 10-1 100 101
β [as]
Δt[da
y]
ϕ0 [as]
0.1 0.5 1 5 10
0.1
0.2
0.5
1
2
rs [rd,M87]
Δt[da
y]
0.5 0.6 0.7 0.8 0.9 1.0
0.1
0.2
0.5
1
2
v [c]
Δt[da
y]
Figure 2: The time delay caused by M87 supermassive BH, as
a function of β (or φ0) (top), rs (middle) and v (bottom). The
parameters chosen are rs = rd, φ0 = 1 [as] and v = c, except the
parameter that is varied in the x-axis of each subplot. The 1st,
—2nd—, 3rd and “total” curves correspond to the first, absolute
value of the second, third and all three terms of Eq. (24) respectively.
The η  1 and η  1 curves corresponds to Eqs. (26) and (27).
We see from the first subplot that as β increases, the
first and second terms of Eq. (24) (or (28)) are of similar
values until about β ≈ 2 [as], beyond which the first term
dominates the second one. Moreover, the first two terms
are much larger than the third one in the whole range.
When β . 4 [as] and β & 4 [as] respectively, the total
time delay approaches the η  1 and η  1 limits respec-
tively. In the second subplot, in the whole range of rs, the
first and second terms of Eq. (24) (or (28)) are compara-
ble, and their combination becomes the total time delay
which is approximated by the η  1 limit. While in the
last subplot as v varies from 0.5c to c, the value of the first
term decreases to that of the second term, which increases
from negative to positive. Again, their combination forms
the total time delay which is approximated by the η  1
limit. One can verify that for these parameters or param-
eter ranges, all the above described behaviors match the
prediction of Eqs. (24)-(29) perfectly.
Since both the supernovas and GW+GRB events emit
two kinds of relativistic signals (almost) simultaneously,
people have proposed to use the difference between the
time delays of both kind of signal to constrain properties
of the signals [25, 28]. Using Eq. (28) for signals with
velocity v1 and v2 respectively, the time delay difference
becomes
∆2t =
[
4M(1 + γ)
√
1 + η(β, 1)
η(β, 1)
+2M(1− γ) ln
(
1− 2
1 +
√
1 + η(β, 1)
)]
∆v
+O
(
β
√
Mrd,s, β
2rd,s
)
(∆v)2 (30)
where ∆v = v1 − v2. Similar to Eq. (28), when η  1
both terms in the square bracket of Eq. (30) are at the
same order. Otherwise, the first term dominates. For
spacetimes with γ = 1, the second term vanishes and this
reduces to Eq. (37) of Ref. [28]. Result (30) suggests that
for all SSS spacetimes, the time delay difference also relies
on only two parameters M and γ. In all spacetimes where
γ = 1, then this time delay difference becomes completely
equivalent to that of the Schwarzschild spacetime with the
same mass. The corresponding analysis for neutrinos and
GW/GRB time delay was carried out in Ref. [28] and
therefore will not be repeated here.
5. Conclusions
We developed a perturbative method to compute the
total travel time in any SSS spacetime for signal with gen-
eral velocity. The result, Eq. (16), takes a quasi-series
form of 1/b. Only the first two orders of this result con-
tribute to the leading order(s) of the time delay ∆t, given
in Eq. (28), between different images of GL. ∆t depends
on the mass m and PPN parameter γ of the metric func-
tions. This result reveals that high order parameters in
asymptotic expansions of the metric functions of the SSS
spacetimes, such as effective charges, have little effect on
∆t. The difference of the time delays for different kinds
of signals is also shown to take a universal form to the
leading order(s), still determined by m and γ.
It would be interesting to see whether the current method
can be generalized to other kinds of spacetimes so that pa-
rameters other than M and γ can have a sizable effect on
the time delays and their difference. Such spacetimes in-
clude at least stationary axisymmetric spacetimes, asymp-
totically non-flat spacetimes and non-static/stationary space-
times. We are currently working along these directions.
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